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ABSTRACT. The coevolution or coexistence of multiple viruses with multiple
hosts has been an important issue in viral ecology. This paper is to study
the mathematical properties of the solutions of a chemostat model for two
host species and two virus species. By virtue of the global dynamics of its
submodels and the theories of uniform persistence and Hopf bifurcation, we
derive sufficient conditions for the coexistence of two hosts with two viruses
and coexistence of two hosts with one virus, as well as occurrence of Hopf
bifurcation.

1. Introduction. Since the earlier works by Campbell [2], Levin et al [14] and
Chao et al [3], mathematical models have been extensively studied to discover the
effects of viruses on microbial communities and the coexistence of viruses and their
hosts in complex ecosystems in chemostats. While Campbell’s model only involves
the predator-prey relation between the virus and the bacteria, the models in Levin
et al and Chao et al’s works explicitly include the relationship between virus growth
and the resources. The latter models are the origin of the so-called resource-virus-
host models that have been used and generalized widely. In fact, if the resource
dynamics are much faster than both virus and bacteria dynamics, then a simple
virus-host model, which carries a similar predator-prey relation as in Campbell’s
model, can be derived from a resource-virus-host system (see e.g., Appendix B.3 in
21).

To well understand the interactions between viruses and bacteria, it is critical
to investigate the mathematical properties of the related models. For resource-
virus-host models or simplified virus-host models involving one virus species and
one bacteria species, based on experimental and theoretical results, according to
conditions or constraints on model parameters, three potential long-term behaviors
may occur: both virus and bacteria are extinct or washed out, only virus is washed
out, both virus and bacteria coexist; see e.g., [1, 14, 3, 21, 13, 16]
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In a real situation of a chemostat or other environments, it is usually rare to have
only one virus with one host, besides resources. Viruses may infect multiple hosts
and hosts may be infected by more than one virus. In this case, different virus
or host species may simply be mutant types of one virus or host species. While
one can reasonably expect and experiments have also shown that coevolutionary
or coexistence dynamics in such systems are deeply affected by a trade-off between
infectivity-associated life history traits and other life history traits (see e.g., [21]),
theoretical analyses of related models are generally difficult due to the complexity
of the models. Thingstad [19] studied the coexistence dynamics of a Lotka-Volterra
model in a monogamous infection network, where each virus specializes on a single
host, and found that coexistence of competing bacterial species can be ensured by
the presence of viruses that kill the winning bacterial strain. As a special type
of infection structure that has been found in experiments (see e.g., [18]), nested
virus-bacteria cross-infection networks have been considered in recent studies; see
e.g., [9, 11, 10, 12]. In such networks, the specialist virus can infect the most per-
missive host, the next most specialized virus infects the most permissive host and
the second most permissive host, and so on [9]. Jover et al [9] obtained coexistence
of a Lotka-Volterra model in nested infection networks under the condition that
bacteria that are superior competitors for nutrient devote the least effort to defence
against infection and the virus that are the most efficient at infecting host have the
smallest host range. Korytowski et al [11] then proved permanence dynamics for a
chemostat-based nutrient-bacteria-virus model in nested infection networks under
the same conditions as in [9] and their permanence result is also valid in a monoga-
mous infection network as considered in [19]. In [7], the dependence of coexistence
on diversity of phage and bacteria was quantitatively studied in monogamous in-
fection networks and nested infection networks. In [12], permanence and stability
(of a positive equilibrium ) dynamics of a “Kill the Winner” type bacteria-virus-
zooplankton model was obtained in these two types of networks, where the “Kill
the Winner” model is based on the assumptions that (1) all microbes compete for
a common resource, (2) all microbes, except for one population, are susceptible to
virus infection, (3) all microbes are subjected to zooplankton grazing, (4) viruses
infect only a single type of bacteria (see also e.g., [19, 20, 21]). For a two host-
two virus model in which one virus specializes on infecting one host, it has been
proved that if a unique positive equilibrium exists, then it is stable; see [10]. In the
most general case when there is no such restriction, the coexistence dynamics of
the hosts and viruses in a two host-two virus model have not been fully discovered
although there have been some examples showing coexistence; see e.g., [21, 6]. In
this paper, we will consider a general two host-two virus model in a chemostat en-
vironment, i.e., equation (5.15) in [21], where host species share the same carrying
capacity. Our goal is to understand better the coexistence or persistence dynamics
of the chemostat system where both two viruses can infect two hosts. By virtue of
the global dynamics of its submodels and the theories of uniform persistence and
Hopf bifurcation, we are able to derive sufficient conditions for the coexistence of
two hosts with two viruses and coexistence of two hosts with one virus, as well as
occurrence of Hopf bifurcation.

The paper is organized as follows. In Section 2, we will introduce the two host-two
virus model (1) that was proposed in [21]. In Section 3, we will present analyses of
global dynamics for submodels of (1), a one host-one virus model, a two host model,
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and a two host-one virus model. In Section 4, we will derive the local dynamics anal-
ysis, Hopf Bifurcation, and persistence theory for (1). A short discussion completes
the paper.

2. The model. In this paper, we will study the dynamics of a two host-two virus
model in a chemostat environment (see equation (5.15) in [21]; see also [6]):

dN- N1+ N

d—tl:rlNl 17% — 11 N1 V1 — 912N Vo — wiNy,

dNo Ny + No

2 =proNy[1 - — 2 — NoV, — NoVy —wN.

g = Ve % P21 N2 Vi — oo No Vo — wiNo, )
dV;

Cﬂ; = B11¢11N1V1 —+ ﬂ21¢21N2V1 - mlvl - w‘/la

ditQ = B12012N1Va + BaodpoaNo Vo — maVa — whh.

Here N; is the density of host ¢ = 1,2, Vj is the density of virus j = 1,2, r; is the
intrinsic growth rate of host ¢, K is the carrying capacity for the hosts, ¢;; > 0 is
the adsorption rate for virus j attached to host ¢, m; is the natural decay rate of
virus j, w is the dilution/flow rate, and f;; represents the burst size. When virus
attach to host, both virus and host are lost. Thus, 3;;’s may be the true burst-size
minus one. We assume that each virus is able to infect both hosts and both sets of
hosts and viruses have distinct life history traits. In particular, we assume that the
two hosts have different growth rates, i.e., r; # ro, and that there is always a flow
in the environment, i.e., w > 0.

3. Dynamics of submodels of (1). In order to understand the dynamics of (1),
we first study the dynamics of some submodels of (1) in this section.

3.1. Dynamics of the one host-one virus model. When there is only one host
with one virus in a chemostat environment, we have the following one host-one virus

model:

dN N

— =rN|1——= ) —¢NV —wN,
dt K (2)
av

where variables and parameters carry the same meanings as those in (1). Simple

calculations quickly show that (2) admits three possible nonnegative equilibria:

EgY = (0,0), ET"Y = (N,0), and E3¥ = (N*,V*), with N = =2 K, N* = —"&‘”,

V= (r—w—r%)é =g (N —N").

The local dynamics of (2) are similar to those of a predator-prey model (see also
e.g., Appendix B 2.2 in [21]). We present its global dynamics here.

Lemma 3.1. The following statements are valid for (2).

(i) If r <w, EJ? is globally asymptotically stable for all nonnegative initial con-
ditions. y
(i) If r > w and =2K < %(i.e., N < N*), then E§" is a saddle and ETY is

T
globally asymptotically stable for all positive initial conditions.

i) Ifr > w and =2 K > M@ (e N > N*), then E? and ET are both saddles
56 0 1

T
and EZY is globally asymptotically stable for all positive initial conditions.
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Proof. The eigenvalues of the Jacobian matrix at Eg¥ are r —w and —m — w; the
eigenvalues of the Jacobian matrix at ET"Y are w — r and Kj3¢2V*/r; the trace
and the determinant of the Jacobian matrix at EfV are —rN*/K and B¢>N*V*,
respectively. Therefore, EJV is locally asymptotically stable if and only if r < w
and is a saddle if » > w; ET? is locally asymptotically stable if and only if » > w
and ﬂgb(N — N*) < 0 and is a saddle if one of these conditions is not true; EIV is
stable whenever it is positive, that is, when N > N*.

For any nonnegative solution (N (t),V(t)), we have dN/dt < r(1 — N/K), which
implies that 0 < N(t) < K+1 when ¢ is sufficiently large. This also leads to d(8N +
V)/dt <rB(K +1) —w(BN + V) for sufficiently large ¢. Thus, by comparison, we
know that every nonnegative solution of (2) eventually enters the region {(N,V) €
R2:0<N<K+1,0<V <rB(K+1)/w+1}

Since the N axis and the V axis are invariant, respectively, there are no limit
cycles enclosing EfY or ETV. Therefore, by Poincaré-Bendixson theorem, if EfY or
E7? is locally asymptotically stable in Ri, then it is globally asymptotically stable,
in RZ for EJ" or in R? \ V-axis for E7"". (i) and (ii) are proved.

When E3" is a positive equilibrium, choose the Lyapunov function

N 1%
— N* 1 —V*
V(N,V)z/ s s—V

ds + =
« 8 ot B Jy- s

Then V = —r(N — N*)?/K < 0. By the LaSalle’s invariance principle, (N (t), V (t))

— E}Y = (N*,V*) as t — oo for all solutions with positive initial conditions.

Hence, if £V is positive, it is globally asymptotically stable for all positive initial

conditions. (iii) is proved. O

ds.

3.2. Dynamics of the two host model. When there are only two host species
living in the chemostat without viruses, (1) becomes

dN Ni + N.

NN (1o 22 Ny
ANy _ o NENe
— =7 - | —wiNo.
dt 24V2 K 2

There are three equilibria of (3): E§™ = (0,0), E}™ = (Ny,0), and E3"™ = (0, Ny),
with Ny = %K and Ny = %K. The eigenvalues of the Jacobian matrix at
EJ™ are r; —w and 3 —w; the eigenvalues of the Jacobian matrix at E7" are w —r;
and —w(ry — r2)/r1; the eigenvalues of the Jacobian matrix at EJ™ are w — ry and
w(ry — ry)/ra. Note that the solutions of (3) are positively invariant in R} and
nonnegative solutions are eventually bounded. This implies that there are no limit
cycles enclosing any of the equilibria. By using the Poincaré-Bendixson theorem,
we can obtain the following results.

Lemma 3.2. The following statements are valid for (3).

(i) If ri <w andre < w, E§™ is globally asymptotically stable for all nonnegative
initial conditions.

(i) If r1 > w and r1 > ro, then EJ™ is unstable (node if ro > w or saddle if
ro < w), ET" is globally asymptotically stable for all positive initial conditions,
and E3" is a saddle if it is nonnegative.

(iii) If ro > w and ri < rq, then EJ™ is unstable (node if 11 > w or saddle if 11 <
w), EY™ is a saddle if it is nonnegative, and EZ™ is globally asymptotically
stable for all positive initial conditions.
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3.3. Dynamics of the two host-one virus model. When there are two host
species living in the chemostat with one virus species, (1) becomes

dN; N1+ No

NN (1= ) MV —wN

7 — " % P1 N1V —whNy,

dN- Ny + N

7;:T2N2 1*% — ¢2 N2V — wiNy, (4)
av

P = B191 N1V + Bagpa NoV — mV — WV,
where variables and parameters carry the same meanings as those in (1).

3.3.1. Equilibria of (4) and their local stability. System (4) admits 6 possible non-
negative equilibria:
Eyg™ =(0,0,0),  E{™ =(N1,0,0),  E5™ = (0,N»,0),

nnuv * (7% nnv nnuv c c c (5)
Egm = (N7,0,V"), Ey™ =(0,N3,V"), Eg" = (Nf,N3,V°)

with
Nl_T‘l—wK NQ:T2_WK7
r1 T2 1
*_m—&—w S m+ w 1 n G A
Ny = Bror \% r—w TliﬁmﬁK o ¢>1K(Nl NY),
«_ Mmtuw . o m+tw i_&~, «
N2 = ,62(]52 5 V = | T2 w T2ﬂ2¢2K ¢ = ¢2K(N2 N2),
Ne = KB2¢a(whr —wos — ara + ¢or1) + (d172 = dor1)(m +w) _ ada(N3 — 1)
! (p1r2 — ¢2r1)(B191 — B2¢h2) P11 — Bagpa ’
Ne — _ KB1o1(whr —wds — d172 + dor1) + (9172 — deri)(m A w) _ frga (VT —n)
? (9172 — ¢2r1)(Brb1 — B292) Bipr — Pacpa
peo (m-raw  (NM—nr _ (No—mn)rs
G112 — Par1 K¢ Koo ’
_ —(wo1 — w2 — ¢172 + ¢ar) K _ (r1 —w)pa — (12 —w)d1 K
¢17’2 — ¢27‘1 T1¢2 — 7”2¢1 ’

We provide the local stability analysis of all nonnegative equilibria of (4).

Lemma 3.3. The following statements are valid for (4).

(i) EJ™ is locally asymptotically stable if 1 < w and ro < w; it is unstable if
rE>w orry > w.
(i) E7™ is nonnegative if 11 > w and is locally asymptotically stable if r1 > ro

and ?:b‘f > % (or Ny > Nl) It is unstable if ry < ro or Nf < N;.
(iii) E”"” is nonnegative if ro > w and is locally asymptotically stable if r1 < ro

and ’ZI'ZDUJ > M (O'I" N* > NQ) It is unstable ifrl > 19 or N; < NQ

(iv) EF™ is normegatwe i ’g;‘f < (”7“’ (or Ni < Ny). It is locally asymptot-
ically stable if (p17r2 — Par1) (N7 ) > 0. It is unstable if (¢p1r2 — Por1)(NT
n) < 0.
(v) E}™ is nonnegative if ?2—4;;’ < “2;%)]( (or Nj < Ny). It is locally asymptot-
ically stable if (172 — Ppar1) (N3 —n) < 0. It is unstable if (p1r2 — pari) (N3 —
n) > 0.

(vi) (a) EP™ is positive and locally asymptotically stable if
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or
< =<1, =< =, N >n>N,.
?2 T2 P2 B L ?
(b) EZ™ is positive and unstable if
T
&<@<—1<1,N1*<n<1\72*,
1 2 T2
or

&>E>T—1>1,N{‘>n>N§.
B 2 T2
Proof. The conditions for the equilibria to be nonnegative can be derived directly
from the formulas of the equilibria. Local stability of the equilibria can be deter-
mined by the eigenvalues of the Jacobian matrix at each corresponding equilibrium.
In the following, we only need to list the information about the eigenvalues of the
Jacobian matrices.
(i). The eigenvalues of the Jacobian matrix at E§™" are r1 — w, 12 — w, and
—-m — w.
(ii). The eigenvalues of the Jacobian matrix J(ET™") are w —ry, —w(r; —r2)/71,
and (r; —w)KB1¢1/r1 — m — w.
(iii). The eigenvalues of the Jacobian matrix J(EJ"™") are w — ra, w(ry — r2) /72,
and (rg — w)K Bade/ro —m — w.
(iv). The Jacobian matrix at E§™ is

ey
J(EZ™) = 0 - —gV —uw 0
Big V™ BapaV* 0

One eigenvalue of J(E}™") is
Ny T (P172 — d2r1)
)\Eé””’ = T2 (1 K) 7¢2V —W = K(bl (Nl 777)

with Agpee < 0 if (¢172 — ¢2r1)(Nf —n) > 0. The other two eigenvalues have

negative real parts if V* > 0.
(v). The Jacobian matrix at E}™? is

nl-)—eVi-w 0 0
J(EF™) = SRELES —2 _g,N;
Brp1V* Baga V* 0

One eigenvalue is
Ny
K

(P172 = d211)
(K¢2)
with Agpne < 0 if (¢172 — ¢or1)(N3 — 1) < 0. The other two eigenvalues have

negative real parts if V* > 0.
(vi). The Jacobian matrix at EZ™ is

/\EZ””’ =T (1 — > — ¢)1V* — W = (]\fék — ’I])

—ngh L g N
J(Egn'u) _ _7’2[1(\/2 _% —¢2N5
Br1o1VEe  PagaV© 0
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The characteristic equation of J(EZ™) is

NI b NAT2 32 v (Vi By 63+ N g a e L D NE 0172 = ) (Bin = Pada) _
It follows from the Routh-Hurwitz criteria that all eigenvalues of J(EZ™) have
negative real parts if and only if

Niry 4+ N5ro

A+

% > 0,
VENENS (P12 — dpar1) (P11 — Bata) <0

)

Niry + N5y VENENS (d112 — ¢or1) (Bid1 — Pad2)

K
2 (VE(NTB16] + N5Bag3)) —

K
Vc{](\/vﬂbl + N§¢o) (NT P11 + N5Bagara) 50
% .
Hence, EI™ is locally asymptotically stable if and only if (¢172 — ¢or1)(B1d1 —
Bag2) > 0. O

For simplicity, we list the results in Lemma 3.3 in Table 1.

Equilibrium Existence condition Stability condition
E{}””—(OOO) r<w, Ty <w
EP™ = (Ny,0,0) r>w ry > rq, N > Ny
E3m = (07N 0) ro > W ry < rg, N3 > N
Epm = (N7,0,V*) | Nf < Ny (r1 > w required) (% :;) (Ny—n)>0
Ep™ = (0,N5,V*) | N5 < Ny (5 > w required) (@ %) (Ny—n)<0

(%7%)(7‘177’2)>0
Bgm = (N, N5, V) | (Np ) (- ) <0 | (2-2)(2-2)>0

* _ b1 _ B2
(N3 =) (5 — ) >0
TABLE 1. The conditions for existence and local stability of equi-
libria of (4). Here, an equilibrium exists means it is nonnegative

for ET™-E}™ and positive for EF™.

3.3.2. Global dynamics of (4). We first consider the global dynamics of (4) when

there is no positive equilibrium.

Theorem 3.4. Ifry <w and ry < w, then EJ™ = (0,0,0) is globally asymptotically
stable for (4) for all nonnegative initial conditions.

Proof. When r1 < w and ro < w, Ef™ = (0,0,0) is locally asymptotically stable. It
follows from (4) that le <(ri— ) 2 < (rg —w)Ny. Since Ny and N» are

nonnegative, this 1mphes that Ni(t) — 0 and Na(t) — 0 as t — co. When Ny () =
Ny(t) = 0, we have the limiting equation % = —mV — wV, which implies that
V(t) — 0 as t — oo for nonnegative V(0). Hence, (N1(¢), Na(t),V(t)) — (0,0,0) as

t — oo for all nonnegative initial conditions.

Theorem 3.5. (i) If r1 > w and r2 < w, then EP™ is globally asymptotically
stable for (4) for all positive initial conditions when Ni > Ny and E}™ is
globally asymptotically stable for (/) for all positive initial conditions when
Nik < Ni.
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(ii) If ry < w and ry > w, then EF™ is globally asymptotically stable for (4) for all
positive initial conditions when N3 > Ny and E}™ s globally asymptotically
stable for (/) for all positive initial conditions when Ny < Ns.

Proof. We only need to prove (i). (ii) can be proved similarly. Assume r; > w and
r9 < w. By the second equation of (4), we have d(]i\i"‘ < (rg — w)Na, which implies
Ny(t) = 0 as t = oco. When Ny(¢) = 0, the limiting system is

N Ny
bz?ﬁNl 1— =) = 41NV — Wiy,

dt K (7)
dv
E = 51¢1N1V — mV — wV.

It follows from Lemma 3.1 that for any positive initial conditions of (7), Ny (t) — Ny
and V(t) = 0 as t — oo when Nf > N; and that N;(t) — Nj and V(t) — V* as
t — oo when N} < Ni. Hence, for any positive initial condition of (4), we have
(N1 (t), No(t), V() — EP™ as t — oo when Ny > Ny and (Ny(t), No(t), V(1)) —

E5™ as t — oo when Ni < Nj. (i) is proved. O

Theorem 3.6. If both E5™ and E}™ are nonnegative, E§™ s stable and E}™
is unstable (that is, when ﬁl < L, Ni <mn, Ny <n or when ﬁl > 1 and N{ >,
N3 > n), then EF™ is globally asymptotzcally stable for (/) for all positive initial

conditions.

Proof. Note that under the conditions of the theorem, Eg™", ET™", and E3™ are
all unstable, and E{™ is not positive.

It is easy to see that the NN, plane, the N1V plane, and the N2V plane are
invariant, respectively. This implies that for any nonnegative initial value, the
solution (Ni(t), Na(t),V (t)) of (4) is nonnegative. Let (Ny(t), Na(t),V(t)) be a
solution of (4) with positive initial condition w® = (N1(0), N2(0),V(0)). Since

le <rN; (1 — —) we obtain that Ny (t) < K + 1 for t > to for some positive tg.
Slmﬂarly, Ny(t) < K41 for t > t; for some positive ¢;. Moreover, w <

—w(P1 N1+ P2 No+ V) + (Brr1 + Bara) (K + 1) for t > max{to, tl} This implies that
V(¢) is bounded for ¢t > 0. In the following we prove the result in three cases.
Case 1. % < it and Ny <n, N3 <n. We have n > 0 and hence =2 > % For
constants &1,& € R,

é— 1 dN» _f 1 dv. _ 1 dN;
1IN, dt 2(mFw)V dt ~ Ny dt

=(&(ro—w)+&—(n—w)+N(F-&% — 1%21) + No(F &R — ]%22)
+V(¢1—§1¢2)-

Let & = ,52—r1—w—(r2—w) . Note that & > 0. We then have
ngN2 _ _& iﬂ_ile
1IN, dt d’r>n+wV dt N, dt o .
SN oS- MR- 2% - §)

=M% - )4 NS - )

1\}1*) +N2(% - ]\};))

since N{ < n and N5 <. This implies that

()< )™ ()

Nl;) f(; N3 (s)ds
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Since Ni(t) and V/(¢) are bounded for large ¢ > 0, it follows from the fact that N3 <

7 that tlim Ns(t) = 0. Then by Lemma 3.1, tlim Ni(t) = Ny and tlim V() =V*.
— 00 — 00 — 00

That is, tliﬂrn (N1(t), Nao(t), V() = EF™.

Case 2. %>%,N{‘>n7N2*>n,andn<O. Wehaveg%z>%>%. For a

constant £ € R,

L dl 1 le
Mo dt 1\}1+N2 _ _ _ Nit+Noy _
={(ra(1 - ) = $2V —w) = (r(1 % 2) =1V —w)

= ((r2 —w) — (7“1 —w)) + (N1 + No) (5 —ER) + V(d1 — E2).
ChOObe§ > 0 such that { < 7=, > [, and £ > % Then £(ry—w)—(r;1 —w) < 0,

o—w?

£K<O o1 — Epa <0, and

el o LA ey w) — (1 —w)) < 0.

Integrating this inequality from 0 to ¢ (with ¢ > tg) and taking exponentials on both
sides yield

No(t) \ ¢ Ni() '\ ((€ra—w)—(r—w))t —w)=(r1 -
ra—w)—(r1—w Mel(Era—w)—(ri—w)))t

( ) < 1(0 e < e )
)

N2 (0) )

where M = (K 4 1)/N1(0). This implies that Ny(¢) — 0 as t — oo, and hence, as
in Case 1, we have tli}m (N1(t), No(t), V() = Egne.
oo

(T3}::se3. %>%,N1*>77,N§>77,andn>0. Wehave%<%,;;—z<%.
en

1 dN> &2 1dV 1 dNy

flm dt ~ mtw V dt N: dt

<0
for & = %, C=r1—w—(ro— w)% < 0. This, similarly as in Case 1, implies that

(No(£))6 (V ()75 — 0 as t — oo, and hence Na(£)V(£) — 0 as £ — oo.

Now we prove that Na(t) — 0 as t — oo. If this is not true, then there exists ey >
0 and a sequence {t,} with ¢, — oo, such that Na(t,) > €. Since No(¢)V(¢) — 0
as t — oo, we have V(t,) — 0 as t — oo. Since {Ny(t,)} is bounded, there is a
subsequence of {t,}, which without loss of generality we still write as {¢,}, such
that Ny(t,) — N > 0 for some Ny > 0. Similarly, there is a subsequence of {,},
which we still write as {t, }, such that Ny (¢,) — Nj as t — oo for some Ny > 0. If
Ny = 0, then (0, N3,0) € w(w®), where w(w?) is the w-limit set of w°. By invariance
of w-limit set, B3 = (0, (ry — w)K/r2,0) € w(w®). Note that this theorem is to
prove the global stability of E§™ for initial conditions not on the stable manifold of
Ep. Eprv s B3 and EP™Y. We assume that E5™ # w(w®). In the N7 Ny plane,
there are two poss1b1htles (i) EP™ is stable but E3™ is a saddle or (i) ET™ is
a saddle but EJ™ is stable. Note that (Ny(t), Ng( ),V (t)) is bounded. In case
(i), from Butler-Mcgehee Lemma (see e.g., Lemma 1.2.7 in [22]), (0,0,0) € w(w?)
(as (0,0,0) is the a-limit set of a bounded orbit on the stable manifold of E§™"),
which is a contradiction since (0,0,0) is a repeller. In case (ii), since E5™" is a
saddle in the N2V plane and there is a trajectory connecting from E3™ to E}™,
again by Butler-Mcgehee Lemma, E7™ € w(w). Thus, there is a subsequence #,,
such that (N1(t,), N2(tn), V(t)) — Ef™ as n — oo, which is a contradiction to
No(t)V(t) = 0 as t — oo. If Ny > 0, then (Ny, Na,0) € w(w®). Since (Ny, N, 0) is
not an equilibrium of the model, the whole solution through (N7, Na,0) is in w(w®).
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Since the w-limit set of (N7, Ny,0) is either E™ or EZ™, we then have either
Er € w(w®) or B3 € w(w®). If B3 € w(w?), then the above arguments yield
contradictions. If EP™ € w(w") in case (ii), Butler-Mcgehee Lemma implies that
Ej™ = (0,0,0) € ( 9), which is a contradiction. If Ef™ € w(w") in case (i), then
Butler—Mcgehee Lemma implies that Ef™ € w(w?). S1nce E$™ is an attractor and
w(w®) is a compact internally chain transitive set, it follows from Theorem 1.2.1 in
[22] that w(w®) = E$™, which is exactly what we want to prove in this theorem.
Thus, we have proved that either No(t) — 0 as t — oo or w(w®) = EF™ in case 3,
either of which leads to the result that tli,I&(Nl (t), Na(t),V (t)) = EF™. O

Similarly we can prove the following result.

Theorem 3.7. If both E5™ and EF™ are nonnegative, EZ™ is unstable but EF™
is stable (that is, when % < &, N{ >mn, N3 >n or when il > 7’; and Ny < n,
N3 < n), then E™ is globally asymptotzcally stable for (4) for all positive initial
conditions.

In the other cases when r; > w, r9 > w, and EZ™" is not positive, we can also
prove that one of the nonnegative equilibria is globally asymptotically stable while
the others are unstable, by using similar arguments as in Theorems 3.6 and 3.7.

Theorem 3.8. In the case where r1 > w, r2 > w, and one component of EY™ is
negative, the following statements are valid for system (4).
(i) If ry > 79, Nf > Ny, and N3 < Na, then EgmY, E3™, and E}™ are unstable,
and ET™ is globally asymptotlcally stable.
(1) Ifry < rq, Ny < Ny, and N3 > Ns, then Ey™, EP™, and E5™ are unstable,
and E3"™ is globally asymptotlcally stable.
(iii) Ifry > ro, Nf < Ny, and Ni > Ny, then Eg™, ET™, and E3™ are unstable,
and E™ is globally asymptotically stable.
(iv) Ifry <re, Ny > l\~l1, and N5 < NQ, then Eg™Y, ET™", and E3™ are unstable,
and E}" is globally asymptotlcally stable.
(v) If 11 > ro, Ni > Ny, and Nj > Ny, then E§™ and E3™ are unstable, and
ET™ s globally asymptotlcally stable.
(vi) If 1y < re, N7 > Nl, and N > N2, then Eg™ and ET™ are unstable, and
E3™ s globally asymptotically stable.

Proof. We only prove (i). (ii)-(vi) can be similarly proved.

Assume 71 > 79, Ni > 1\71, and N5 < NQ By Lemma 3.3, E§™” and EF™
are unstable, E7"" is locally asymptotically stable, E§™" is negative, and E}™" is
nonnegative.

We now prove that E}™ is unstable. Note that we are considering the case
where at least one component of EZ™ is negative. Case (1). ¢173 — ¢pory < 0 This

b1 1 P2 T ri—w T ra— r2
implies 6 < T and 6 o Since r1 > ro, we have > and —s < 2

Then we have 21 < L < Ti=@ gpd ¢2 > 2 > T"‘ ——, which implies n > N; and

P2 T2 ro—w r1

n > Ny > Nj. Hence, (¢173 — ¢2r1)(N2 —-n) > O which indicates that Epm i
unstable. Case (2). ¢179 — ¢or; > 0. Then ¢—f < 2 Moreover, 2=% < Iz, If

71 ? T]-UJ T1
if > 2=2, then n < 0 and hence, N > n. If ¢2 < =5 < 42, then we still have
Ny > n. Therefore, Ny > n is always true. If Blgbl Bad2 > 0, then n < Ny < N,
which implies that E}™" is unstable. If 81¢; — Sa¢a < 0, then for one component

of EI™ to be negative, we must have N5 > 7, which again implies that E}™"
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is unstable. Therefore, we always have E}™" is unstable if r1 > ro, N > Ny,
N3 < Ny, and at least one component of E"™" is negative.

Now we prove the global stability of ET™. In Case (1) as above, we have %
% :;%ﬁ Similarly as we do in Case 2 in the proof of Theorem 3.6, we can
obtain Na(t) — 0 as t — oo. Then Lemma 3.1 (ii) implies that E7™ is globally
asymptotically stable. In Case (2) as above, similarly as we do in Cases 2 and 3 in
the proof of Theorem 3.6, we again have Na(t) — 0 as t — oo, and hence, E}™ is
globally asymptotically stable. O

Based on the existence and stability conditions for all equilibria in Table 1 and
similar arguments as in Theorem 3.8, we can obtain all possible local dynamics of
(4) when r1 > w, ro > w, and EX is positive.

Theorem 3.9. In the case wherer) > w, ro > w, and EF™ is positive, the following
statements are valid for system (4).

1. If (a) 11 > 12, ¢1r2 > par1, N1 > N >n > N3, No > N5 or (b) r < ra,
p17o < ¢or1, Nf <1 < Nj < Ny, Nf < Ny, then EZ™, EP™, EZ™ . and
ET™ are unstable, but EZ™ and E}™ are locally asymptotically stable.

2. If (a) r1y > Ta, ¢17‘2 > ¢27‘1, Nik <n< N; < NQ < Nl or, (b) ry < 7o,
¢179 < ¢or1, No > Ny > Ni > n > N3, then Ey™, E}™, EF, EZ™ and
E7™ are unstable, and EX™ is locally asymptotically stable.

3. If 1y > 1o, 179 > ¢or1, Nf > Ny > Ny > n > Ni, then EF™, E3™, and
E2™ are unstable, ET™ and E}™ are locally asymptotically stable.

4. Ifry < 7o, g1y < ¢ory, Ni < < Ny < Ny < Ni, then E}™, EP™, and
EI™ are unstable, E3™" and EF™ are locally asymptotically stable.

5. If 1y > 1o, ¢1ro > ¢or1, Nf < < Ny < Ny, Ny < N3, then Ej™°, Epn,
E3™, EZ™ are unstable, and EE™ is locally asymptotically stable.

6. If 11 < 1o, 179 < por1, Nf > Ny, Ny > Ny > n > Ny, then Ey™, Ep™,
E3™, EP™ are unstable, EZ™ is locally asymptotically stable.

The results in Theorems 3.4-3.9 are listed in Table 2.
In the following, we study the persistence dynamics of (4) when EP™ is positive
and locally asymptotically stable. Let X = Rj with ||z|| = ‘mla2xg|xi| for z =
1= 1<y

(l’l,l'g,xg) €X7 X():{(xl,xg,(bg) GXllL'l >O,{E2 >0,{E3 >0}, aXo :X\Xo =
{(z1,22,23) € X : 21 =0 or 29 =0 or 23 = 0}.

Theorem 3.10. If all the nonnegative equilibria are unstable except that the positive
equilibrium EZ™ is stable (that is, in cases (0), (1), or (s) in Table 2), then system
(4) is uniformly persistent in the sense that there exists £ > 0 such that

hggg}lle(t) > €, hggg}lng(t) > €, htrgg)lfV(t) > &,

for any solution (N1(t), No(t),V(t)) of (4) with positive initial conditions. More-
over, (/) admits a global attractor in X.

Proof. The assumptions cover the cases (0), (r), and (s) in Table 2. We will only
prove the result in case (0). The proof is similar in the other two cases. Therefore,
we assume that all equilibria of (4) are nonnegative with Ef""-E}™ being unstable
and the positive equilibrium E{™" being stable.

By the equations in (4), we see that Xy and 09X, are both positively invariant.
By the proof of Theorem 3.6, we know that there exist un, > 0, un, > 0, uy > 0,
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Condition By [ By | B | By | By | BR
(a) M <w, Ty <w GAS - - - - -
(b) re <w <711, N > Np U GAS - - - -
(c) re <w <711, Nf <Ny U U - GAS - -
(d) ry <w<7rg, NQ* > N2 U - GAS - - -
(e) r1 <w <712, Ny <N U - U - GAS -

71,79 >w,N1* <N1,N2* < Ny
() (¢17r2 — gor1)(NT — 1) <0
(172 — ¢ar1) (N3 —m) <0
71,72 >(.<J,,,Z\/vik < ]\71,]\[2)‘< < NQ

(@
(@
(@
a
)
>
[02]

(8) | (¢1ra — ¢oar1)(N{ —n) >0 U U U |GAS| U -
(172 — dar1) (N3 —n) >0
(h) | r1 >re>w, Nf > Ny, Ny < N U GAS U - U -
(i) | w<ry <ry Ny <Ny, N5 > N, U U |GAS| U - -
(J) ry > 19 > w, Ni < Ny, N3y > No U U U GAS - -
(k) | w<r <re, Nf > N1, Ny < Ny U U U - GAS -
(1) ry > T > Ww, NT>N1,N2*>N2 U GAS U - - -
(m) | w<ry <ry, Ny >Ny, Ny > N U U | GAS - - -
(a) 11> 12 > w, 112 > dory,
Ny > Ny >n> N5, Ny > N3
() Orl (b) Wl< 7’717 < 7“2?¢17"22 < ¢;7‘17 U U U S 5 U
N; <1< Nj <Ny, Nf <N,
(a) r1 > re > w,qﬁ}rg >~¢>2r1,
(0) N <n < Ny < Ny < Ny; U U U U U g

or (b) w<r < T’Q,d)ﬂ"z < (2527’1,
Ny > Ny > Nf >n> N

(p) r1 > 12 > W, ¢1712 > Pary, U S U - S U
Ni >Ny > Ny >n> Nj
w<n <7‘2~7<Z517"2~< Par1,

(a) N <n<N; <Ny < N; U U S S - U
r1 > T2 > W, P12 > Par,

(r) Nf <n < Ny <Npi,Ny < N3 v N v v i i
w <1y <712, ¢112 < oy, U U U - U S

(s) Ni > Ny, Ny >Ny >n> N;

TABLE 2. Global or local dynamics of (4). EJ"-E?™ are defined
in (5). Conditions for Ef™ to be positive or not may not be all
listed. “-” represents that some compartments of the equilibrium
are negative. “U” represents “unstable”; “GAS” represents “glob-
ally asymptotically stable”, “S” represents “locally asymptotically
stable”.

such that when t is sufficiently large, 0 < Ni(t) < un,, 0 < Nao(t) < un,, and
0 <V (t) < uy for any solution (Ny(¢), Na(t), V(¢t)) of (4) with initial conditions in
X. This implies that (4) admits a global attractor in X.

For any initial condition w® € X, let Q(¢t,w") = (Ny(t), No(t),V(t)) be the
solution of model (4) with initial condition w® = (N?, N9, V%) € X and w(w®) be
the omega limit set of the orbit Q(¢t,w%) ('t > 0).

Claim 1. Uyocox,w(w’) C UL {EMY}.
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Given w® € 90Xy, we have Q(t,w") € 90Xy for all ¢ > 0. Hence, N1(t) = 0 or
Ny(t) = 0or V(t) = 0 for all ¢ > 0. By Lemmas 3.1 and 3.2, we know that if
Ni(t) = 0, then w(w®) € EF™ U E¥™ U Ef™Y, that if Na(t) = 0, then w(w®) €
ErmUEP™ U ER™ | and that if V() = 0, then w(w®) € E§™ UEP™ U ES™. Claim
1 is proved.

Claim 2. each EMV (i =0,---,4) is a uniform weak repeller for Xy in the sense
that there exists p > 0 such that
limsup ||Q(t, w®) — EM|| > p, for all w® € X. (8)
t—o0

Assume that (8) is not true for EJ™. Since r > w, there exists € > 0 such
that 11 —w — (32 4+ ¢1) € > 0. Assume that limsup,_, ., [|Q(t,w°)|| < € for some
w® € Xy. Then there exists tg > 0 such that for t > t, N1(t) < €, Nao(t) < ¢, and
V(t) <e¢, and

dN; N; 4+ N> 2rq
Ny (1= 22 NV —wN PR (i} N
o~ ( T ) P1 NV —wNy > (7"1 w ( T +¢1) 6) 1s

which implies Ny (t) — oo as t — co. A contradiction. Hence, (8) is true for Ej™".
Assume that (8) is not true for EP™". Note that the conditions in this theorem
imply Ny < Ni. Let € > 0 be sufficiently small such that Ny —e — Ny > 0. Assume
that limsup,_, . ||Q(t, w®) — E?™|| < € for some w® € Xy. Then there exists tg > 0
such that for ¢t > to, Ni —e < Ni(t), Na(t) < e, V(t) < €, and

dv
dt

which implies V() — oo as t — oo. A contradiction. Hence, (8) is true for
E{”“’. Similarly, we can prove that (8) is true for EZ™ by applying the fact N <
. Assume that (8) is not true for E™”. Since EF™" is unstable, the eigenvalue

)\Enm of J(EL™) satisfies Agpne = ro(l — —) $oV* —w > 0. Let € > 0 be

sufficiently small such that r3(1 — —) ¢2V* —w—€e(32 + ¢o) > 0. Assume that

limsup,_, ., [|Q(t,w°?) — EF™|| < € for some w® € Xo. Then there exists to > 0 such

that for t > to, N —e < Ni(t) < Ni +¢, No(t) <€, V* —e < Ni(t) < V* +¢, and
% > ( 2(1—J5) = V" —w — (22 +¢2)) No,

which implies Na(t) — 0o as ¢ — co. A contradiction. Hence, (8) is true for E§™".

Similarly, we can prove that (8) is true for E}™" by applying the fact the eigenvalue

Appne of J(E}™) is positive. The proof of Claim 2 is completed.

By the above arguments, we know that any forward orbit of (4) in 9X, converges
to UL O{E""”} each of these equilibria is isolated in X, and W*(E")NX, = & for
i=0,---,4, where W?(EI'"") is the stable set of EM". Moreover, by the positive
invariance of 0X( and Lemmas 3.1 and 3.2, we obtain that all possible connections
among E]'""’s are E§™Y — ET™, Eg™Y — B, BT — E3™, and E3™Y — BT,
as well as E3™" — E”"” if 1 > rq or EP™ — EZ™ if r; < rg, and hence, there is
no cycle in 80X, from U {E""} to themselves.

Define a continuous function p : X — [0,00) by p(w®) = min{N?, N, V°} for
w?® = (N, N9, V%) € X. Tt follows that p~1(0,00) € X¢ and p has the property
that if p(w®) > 0 then p(Q(t,w®)) > 0 for all t > 0. So, p is a generalized distance
function for the solution map of (4). By [17, Theorem 3], it follows that there
exists a & > 0 such that for any w® € Xo, liminf; o p(Q(¢,w®)) > & Hence,

ﬂ1¢1N1V+ﬂ2¢2N2V mV — wV>ﬂ1¢1(N1 767N1)V
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liminf; oo N1(t) > &, liminf; o No(t) > &, liminf; o V(¢) > £ for any initial
condition w® € Xo. Then by Theorem 1.3.6 in [22], (4) admits a global attractor in
Xo. O

Remark 3.11. The results in Table 2 and Theorem 3.10 show the following:

(i) when the equilibrium EZ™ is not positive, if one nonnegative equilibrium is
locally asymptotically stable7 then it is globally asymptotically stable;
(ii) when EP™ is positive but unstable, then bistability appears;
(iii) when EI™ is positive and locally asymptotically stable, then the two host-one
virus model (4) is uniformly persistent.

In the following, we give some sufficient condition for EZ™ to be globally asymp-
totically stable when it is positive.

Theorem 3.12. If % = % and EX™ is positive, then it is globally asymptotically
stable.

Proof. Note that when —1 = %, if EZ™ is positive, then it is locally asymptotically
stable.
Let
N No \%
V=N, —N{—Nfln— +¢; [ Ny — N§ — Niln = ) e (V=VE=Vimes ).
N¢ N§ Ve
Then for positive ¢; and c3, ¥V > 0 for all Ny > 0, Ny > 0 and V > 0 and V is
radially unbounded. Moreover,

dy r
= (Vo= ND) (— (V1 + N — (NF + N5) — 41V = V)
T
er(Na = N5) (=72 (N + No = (NF + N5)) = 6a(V = V)
+co(V = VO)(B1o1(Ny — NY) + 52¢2(N2 — N35))
T1 r1+cire (r1 — 017”2)2 2
= DN N DETAT2 N, Vi =ar) (N, - Ng
K(l P 2)>+ K MmN
+(e2f1 = 1)1 (N1 = NY)(V = V) + (c2B2 — c1)¢p2(N2 — N5)(V — V)
Choose ¢y = é, c1 = % If ri =cyry = %rg, then
ay r . .
dat = _El(Nl — Ny + Ny — N2)2 <0.

By LaSalle’s invariance principle, the set of accumulation points of any solution is
contained in Z, which is the union of complete trajectories contained entirely in the
set {x:dV(x)/dt = 0}. Since EI™ is the only complete solution in this set, it is
globally asymptotically stable w1th respect to initial conditions N > 0, NY > 0,
and VO > 0. O

4. Dynamics of the two host-two virus model (1). In this section, we study
the local dynamics and persistence of the two host-two virus model (1).

4.1. Equilibria and their local stability. There are potentially 10 nonnegative
equilibria of (1):

Eo = (0,0,0,0), = (N1,0,0,0), E> = (0, N2,0,0),
= (V70 0, N o)y = (N7, 0,0, MO N
= (0, N7, 220 0), g = (0, V7,0, 22,
= (N{, N3, V¥, 0), = (Nf,Ns5,0, V), Eg = (N{, N3, VI, V),
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where
§y = oK e (WK
N _mlr}&—w N _mlr w N _mg—i—w N _m2+w
B Brgn s 521?21 ’ Y2 Brady 227 Boaday
_ (911(rs —w) = ¢a1(r —w)) K _ (D12(r2 —w) = daa(r1 —w))K
P1172 — Y2171 7 K P1272 — G221 7
NE Ba1d21(N3 1 —m) e Pudn(Niy —m) Ve — (r1 —ro)w
Yo Bngn = Badn T 7 Budn —faudn 1 dure—dar
e — 22¢22(N2*,2 —12) Ne — 7512¢12(N1*,2 —12) Ve — (ri —ro)w
L Bragia — Pasdan T ° Bragra — Basder * 2 Grara — doar’
NP = _P202(me +w) — B0 (mi +w)
! B11B22011¢22 — Pr2B21 012021
NP Bri¢r1(me +w) — Brag1a(my + w)
? B11B22¢11¢22 — Pr2f21¢12¢21 o L
- (1272 — P2271)(B12¢12 — Bazgaz) (ma + w)(]f,\ill + Ji,\izl -1)
o (B11B22011022 — Br2B21P12¢21) (d11022 — Pr2d) K

(P1172 — P2171) (Br1d11 — Bai1¢21)(ma + w)(]f,\?Z) + 1%2 -1)

14
‘/2 B (611B22¢11¢22 - 512ﬁ21¢12¢21)(¢11¢22 - ¢12¢21)K

For simplicity, we denote

B® = [11622011¢22 — B12B21 12021, PP = (dr122 — P12¢21),

PRy = (p1172 — P2171), Ry = (¢1272 — $22r1),

B®; = (Bi1¢11 — Ba1dar), B®; = (fi2¢12 — fBa2¢22),

Bz = fridni(m: +w) = fradiz(mi +w), BPs = 1621 (m2 + w) — Paodaz(mi +w),
e T S

(10)

Lemma 4.1. The following statements are valid for (1).
(i) Eq is locally asymptotically stable if r1 < w and ro < w; it is unstable if 11 > w
or rg > Ww.
(i) Ey is nonnegative if r1 > w and is locally asymptotically stable if 14 > ra,
Ny < Niy, and Ny < Ny ,.
(iii) Eo is nonnegative if ro > w and is locally asymptotically stable if r1 < ra,
Ny < N3, Na < N3,.
(iv) Es is nonnegative if Ny > Ny and is locally asymptotically stable if B11¢11(ma
+w) > Pragi2(mi +w), and (¢1172 — ¢p2171) (N7 —m) > 0.
(v) E4 is nonnegative if Ny > N7 5 and is locally asymptotically stable if B11¢11(ma
+w) < Pragr2(mi +w), and (¢12r2 — Pp2ar1) (N7 5 —12) > 0.
(vi) Es is nonnegative if Ny > N3 1 and is locally asymptotically stable if Ba1 P21 (ma
+w) > Bazppaz(my +w) and (p1172 — d2171) (N5 —m) < 0.
(vii) Eg is nonnegative if Ny > N3 5 and is locally asymptotically stable if Ba1¢a1(ma
+w) < Pazgaz(mi +w), and (P1212 — P2271)(N3 5 — 12) < 0.
(viii) E7 is nonnegative if (B11¢11—B21021) (N3 1—m1) > 0, (Br1d11—PB21d21)(N{ 1 —
m) <0, and (p1179 — da171)(r1 — 1r2) > 0. It is locally asymptotically stable if

1\];?: + ]\1]\,2;52 —1<0 and (¢11T2 - ¢21T1)(511¢11 - ﬁ21¢21) > 0.
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(iz) Eg is nonnegative if (B1ad12— Paad22) (N3 2 —12) > 0, (Brad12— Brada2) (N7 o —
n2) < 0, (¢12r2 — door1)(r1 — 1r2) > 0. It is locally asymptotically stable if
157\?1 + ]\1,\/231 —1 <0 and (p12r2 — ¢2271)(Br2d12 — Baopaz) > 0.

(z) Eg is positive if NV > 0, NY > 0, VP > 0 and Vi > 0. Eg is locally
asymptotically stable if @ - B® > 0 and (1/) are true.

Proof. The conditions for the equilibria to be nonnegative can be derived directly
from the formulas of the equilibria. Local stability of the equilibria can be deter-
mined by the eigenvalues of the Jacobian matrix at each corresponding equilibrium.
In the following, we only need to list the information about the eigenvalues of the
Jacobian matrix at each equilibrium.

(i). At Ejp, the eigenvalues of the Jacobian matrix are r; —w, 19 — w, =My — W,
—Mmo — W.

(ii). At Ej, the eigenvalues of the Jacobian matrix are w — ry, —w(ry — rq)/r1,
Brad12(N1 — Nio), Br1d11 (N1 — Ny ).

(iii). At Es, the eigenvalues of the Jacobian matrix are w — ro, w(ry — rq)/ra,
Baapa2(No — N3 o), Barda1(Na — Ny ;).

(iv). At Ej3, the eigenvalues of the Jacobian matrix are —
_(p1ara—d21m1) (N7 1 —m)

(K¢11)

Bi1d11(matw)—Biradiz(mitw)
(B11¢11) ?

, and other two with negative real parts when E3 is nonneg-

ative.
(v). At Ej, the eigenvalues of the Jacobian matrix are 211211(ma @)= é1afra(mitw)

Bi2p12
- Ny ,— . . .
_ (Graramdaar)(Nig m), and other two with negative real parts when FE, is nonneg-

. (K12)
ative.
(vi). At Es, the eigenvalues of the Jacobian matrix are —£21621lmate)—fandasmite)
- Ni,— . . .
(27> 422;(;12)1() 217M) and other two with negative real parts when FEj is nonnega-

tive.
(vii). At Eg, the eigenvalues of the Jacobian matrix are
(p1272—2271) (N3 5 —12)

B21$21(ma+w)—PBazdaz(mi1+w)
Bazd22 ’

, and other two with negative real parts when Fg is nonnega-

] (K ¢22)
tive. .
(viii). At E7, one eigenvalue of the Jacobian matrix is Ag, = (ma + o.))(J\],V*1 +
1,2
% — 1); all other eigenvalues have negative real parts if and only if (¢117m2 —

¢21r1)(611¢11 - Bglgbgl) > 0 if F; is nonnegative. R
(ix). At Es, one eigenvalue of the Jacobian matrix is Ag, = (m; + w)(lf,\g}l +

5
N3
$2271)(B12012 — Baadaes) > 0 if Eg is nonnegative.

(x). When Ey is positive, the Jacobian matrix at Eg is

— 1); all other eigenvalues have negative real parts if and only if (¢1ar9 —

_r1}J<V{’ _Lf](\]f —¢p11 Ny  —¢12NY
ro N? ro NP
J(Ey) = —— % 2= —¢Nj —¢2aNJ
Bridpu VP Bargan VI 0 0
Br2d12Vy  BazaaVy 0 0

The characteristic equation of J(Ey) is

A F D13 4 oA + b3\ + by = 0, (11)
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where

Nio’l"l +N2p7”2
by = ——m—F——,

K
ba = NYVP Brigiy + NYVE Bragis + NIVE Bar sy + NYVY Baahss,
NPNY(VE(p11r2 — p21r1) (Br1d11 — Baipa1) + VI (d1212 — d22m1)(Brzgp12 — Bazp22))

bS - )
K
by = NYNYVPVY (h11022 — d12¢21)(B11B22P11 P22 — Br2P21¢12¢21).
(12)
Let
A = bl,
Ao = biby — b3
_ NYNY(VEP(Bridripairs + Pardridaire) + VI (Bradiapaers + Paadrapaara))
K
n (NT)2(VPBugtirs + V3 Bragiart) + (N3)*(VF Bard3ira + Vi Baog3ars)
K b
Az = —bsb? + b3
NYN3

= gz (BN + Ny¢a)VY' + BP2(NY¢12 + Ny 22)Vy)
«(PR1(NYB11d11m1 + NE Bo1¢pa1r2)VF + ®Ro(NT Bradr2r1 + N5 Baoaara) V).
(13)
By using Routh-Hurwitz theorem, we know that all eigenvalues of the Jacobian
matrix have negative real parts if and only if A; > 0 for ¢ = 1,2,3 and by > 0,
which is equivalent to that the following two conditions are true:

dd - BO > 0 and

(BP1(NY 11 + NEpoa1 )V + BOo(NY 12 + NE o) V)
(PRy(NYBr1d11m1 + NE Ba1¢21m2)VE + @Ry (N Bragrar1 + N Baopaar2) V) > 0.
(14)
O

The results in Lemma 4.1 are concluded in Table 3.

4.2. Hopf bifurcation. In the following, we study the Hopf bifurcation for (1)
when there exists a positive equilibrium Fg.
By (11), if A = ki (k # 0) is an eigenvalue of J(Ey), then

k% — b1 k30 — bok? + bski + by =0,

which implies k* — byk? 4 by = 0 and —byk? +bgk = 0. Then k2 = 2V _ by,

Hence, b3 > 0 and A3z = —b4b% + bi1bobs — b% = 0. Moreover, there can be at most

one simple pair of pure imaginary eigenvalues +,/ i—fz Note that 0 is an eigenvalue

if by = 0. Therefore, if b3 > 0, by # 0, and Az = 0, then J(Eyg), admits a simple
pair of pure imaginary eigenvalues and no other eigenvalues have zero real parts.

Take a parameter p of (1) (e.g., u = B11) for the bifurcation parameter and let
A(p) = A (p) + iA2(p) be an eigenvalue of J(Eg). Assume that at p = uo, J(Ey),
admits a simple pair of pure imaginary eigenvalues A(uo) = ki and no other
eigenvalues with zero real parts. Then bs(uo) > 0, ba(po) # 0, and Agz(ug) = 0.
A(p) satisfies the characteristic equation

(A1 () A2 (1) b1 (A (1) i (1)) + b2 (M (1) +iX2 (1)) + b3 (As () + X2 () +ba ; 0),
15
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Equilibrium Existence condition Stability condition
Eo—(OO()O) r <w,rys<w
= (N1,0,0,0) > w r >71g, Nip > Ny, Nig > Ny
(ONQ,OO) ro > W 7‘1<7‘2,N2*1>N2,N;2>N2
n(Nl Ny ) " < Bd; >0
ES_(NI 00 =g 0 N <M ®Ry - (Nf; —m) >0
— (N* ri(N-Ni,) * Y B®3 <0
By = (N1, 0.0, =555) Nz <M ORy - (Nfp —m2) >0
_ . r2(N2—N3,) . - Bdys >0
= ONG, =5 0) Nep <o ®R - (N3, —m) <0
" r2(Na— N3 5) " < B®, <0
Bs = (0. N52,0. =g, ) Niz < N2 DR, - (Ng, — ) <0
(N3, —m)-B® >0 '
) ) NN <0
E7 = (N{, N5, V,0) (N{1—m) B2 <0 ®R, - B >0
(1‘1 — Tg)@Rl >0 1 !
(Ni — 1) - BB > 0
fa N , NN, <0
Eg = (N{, N5,0,Vy) (N5 —m2) - B®y <0 q;Rh.Bcp >0
(7"1 — TQ)‘DRQ >0 2 2
Bd-BP3 <0
B®-Bdy >0 Bd - dd > 0
_ (NP NP VP VP 4
By = (NT, N3, VI, V) ®R, - B, - NN - Bd - d > 0 (14)
®Ry - BPy- NNy - B® - 0P >0

TABLE 3. The conditions for existence and stability of equilibria
of model (1). Here, an equilibrium exists means it is nonnegative
for E1-Fg and positive for Fg. The notations are defined in (9) and
(10)

whose real part and imaginary part both being zero implies

A3(1) — 6AT () A3 (1) — BA1 () A3 ()b — A3 (k)2 + AT (k)
+A3(p)b1 + A2 ()b + A1 (1)bs + by = 0,
Aa (1) (43 (1) + 3T (1)1 — 41 () A5 (1) — A3 (p)b1 + 2A1 (1)ba + b3) = 0.

Differentiating these equations with respect to p and then taking function values at
p = po yield

d\1
du ——lu=po

—4b1 kS + 20 bok?t — 3bhbikt + AbsEY + bhbsk® — 2b5bak? + 30y b1k —
n 9b3k* + 16k — 16bok* — 6b1bsk? + 4b3k2 + b2

2(2b1b4752b3)(b b3 b, b1) b b2
UL 4 g — 24

A2 (bibs + b3 — 4bs)
. (2b1b4 — bzbg)(b’lbg — béb1) + blbgb% —
o 2bsby (blb3 + b2 — 4b4)

bybs

lu=no

l=po

bhb3b1

|H:ll«07

where b, = dIL, i=1,--+,4, A1(po) = 0, Aa(po) = k. The denominator of |,L 1o
is positive, so the sign of ‘Z—’\ﬂ u=uo 1 determined by its numerator
di(p10) := [(2b1b4 — bab3) (b1 b3 — b3b1) + bybsbi — byb301]|u=po- (16)

Therefore, by the Hopf Theorem (see e.g., [4]), we have the following result.

Theorem 4.2. Let u be one of the parameters of model (1). Assume that (1)
admits a positive equilibrium Fg when p = pg. Let b;’s, A;’s, and dy be defined
in (12), (13), and (16), respectively. If bs(uo) > 0, ba(uo) # 0, Az(ug) = 0, and
dy (o) # 0, then model (1) may admit a Hopf bifurcation at po.
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Example. We revisit the example in Section 5.3.1 in [21]. Let r; = 1.28, ro = 2.6,
K =107, ¢11 = 2.3-1072, ¢10 = 6.35- 1079, ¢ho1 = 9.75- 1072, oo = 1.04 - 1078,
m1 = 0.64, mo = 0.9, w = 0.01, B11 = B12 = P21 = P2z = B. Assume [ is the
bifurcation parameter. When 8 = Sy = 12.24183257, we have Fg = (4.542055223 -
106, 4.374348568-106,1.018711763-107, 1.657794400-107), b3 = 0.006776196866 > 0,
by = 0.0007258324845 # 0, Az = 0, dy = 0.000002243989060 > 0. A unique stable
limit cycle bifurcates from Fg as (8 increases from f3y. In particular, when 5 = 11.5 <
Bo, (1) admits a stable positive equilibrium Ey = (4.835050396 - 10%, 4.656525458 -
10°,5.345635091 - 10°,6.737532279 - 10°), while when 3 = 20 > fy, (1) admits an
unstable positive equilibrium Fy = (2.780153978-10°, 2.677502138-10°, 3.930095605-
107,7.575241231 - 107) and a stable limit cycle. Figure 1 shows the projection of
the phase diagram of (1) onto the Ny Ny plane in these two cases (8 = 11.5 and
B = 20); Figure 2 shows the time series of some solutions of (1) in these cases. Our
result consists with the phenomenon shown in the example in Section 5.3.1 in [21]
that a cycle can be found when 8 = 20.

Remark 4.3. If we set 517 = P12 = P21 = P22 = B and m; = mg, and assume
1 = [ as the bifurcation parameter, then the bifurcation point g in Theorem 4.2
can be found as

PR - PRy - (<Z521 - ¢22)(¢11 - ¢12)(¢11 — ¢12 — P21 + ¢22)(m + w)
PP - K -dy

po = Bo = —

and the value dj (1) is

(m+w)?K(r1 —r2)?(¢11912(d21 — ¢22) — ($11 — P12)¢21¢22) (PR1 — PRa)>w?
@D - PRS- PRY (P11 — 12 — P21 + d22)% (21 — B22)4 (P11 — P12)t

where do = (P11012(¢21 — ¢22) — (P11 — P12)P21022) (PR — PRy)w — PRy - PR -
(21 — d22)(d11 — ¢12). Hence, the sign of dq(wug) is determined by

d3 = (¢11¢12(¢21 - ¢22) - ((bll - ¢12)¢21¢22) PP - q)RZ : éRl : d2-

4.3. Global stability of some equilibria. Due to the complexity of model (1), it
is difficult to establish global stability for all of its equilibria, but we can still obtain
some results about global stability of some equilibria under certain conditions.

By similar arguments as in Theorem 3.4, we can easily obtain the global stability
of Eo.

di(po) = - dz,

Theorem 4.4. Ifry < w andry < w, then Ey = (0,0,0,0) is globally asymptotically
stable for (1) for all nonnegative initial conditions.

Theorem 4.5. If Ni; < Ny, and N3, < N3, then Va(t) — 0 as t — oo.

Proof. Assume Ny ; < N, and N3 ; < N3,. For a constant € R,

(v 1 av
Vo dt Vi odt
= &(Br2¢12N1 + Ba2d22 N2 — ma — w) — (L1111 N1 + B21¢p21 Na — m1 — w)
N1 Ny N1 No
=§(m2 +w <—*+ — — 1] = (m1 +w) — t -1
( ( ) N3,2 N3, ( ( ];f1,1 N34
E(mz +w m1+w> <£mz+w m1+w)
=N1( S - — + N2 - - —&(m2 +w) +m1 + w.
N, NT4 N3, N34
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FIGURE 1. The projection of the phase diagram of model (1) onto
the N1 N, plane. Left: 8 = 11.5; right: 5 = 20.

. } mitw E(matw) mi+w E(matw)  mitw
Choose £ > 0 such that & > et N, ]\}1*1 < 0, and Nz, 1\}2*,1 < 0.

X *
Ni2 Nz,
) N
Ni,? N3y

L : mi+w mitw | :
This is equivalent to JH=% < & < M=% mln{

mo—+w

}. Then we have

1 dVy 1 d»y
i;;"zgg* i;i";iif < é-(7712 + QJ) + mi +w < (l

By using similar arguments as in the proof of Theorem 3.6 and the fact that the
solutions of model (1) with nonnegative initial conditions are bounded, we can
obtain that Va(t) — 0 as t — oco. O

The following result can be similarly obtained.

Theorem 4.6. If Ny, < Ny, and N3, < N3, then Vi(t) = 0 as t — oo.
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FIGURE 2. The time series of model (1). Left: g = 11.5; right: 8 = 20.

We can also prove that if there is only one host, then one virus will eventually
be extinct.

Theorem 4.7. If Ni(t) =0 or Na(t) =0, then Vi(t) = 0 or Va(t) = 0 as t — oo.

Proof. We only prove the case when Ny(t) = 0.
For a,b € R,

v 1

Vo dt Vi dt
a(Bazp2aNo — mao — w) + b(Ba1¢21 No — my — w)
= (a2 + bBa1¢21) Na — a(ma + w) — b(my + w).
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If N3, < N3, then let a satisfy — 14 < g < —mute Moz — _fudn gy =1,
) ) 2,1
‘We have
1 dVs 1 d\;
o vt = Ny — — —w <0,
an a TV dt (aBa2g22 + B21¢21)No — a(mg +w) —my —w
which implies Vi(t) — 0 as t — oco. If N3, = N3, then let a = —Z;Ii =
mitw  Noa _ Boigos _
e sz = — 55> and b= 2. We have
1dv,  1dv

zr2 ovr _ 0
aV2 7 Vi dt mi1 —w <0,

which implies V1(t) — 0 as t — oo. If N3, > N34, then let a satisfy m;iz <a<

m

mite . 22 = 0993 and b= —1. We have
1dV,  1dW

a TV (aB22g22 — B21¢21) N2 — a(mz +w) + m1 +w <0,

which implies V() — 0 as t — oco. Thus, the result is proved in the case when
N (t) = 0. The result can be similarly proved when Na(t) = 0. O

The above theorems and Theorems 3.5-3.12 as well as Table 2 and Remark 3.11
imply the global or local stability of the equilibria of model (1) with V; = 0 or
V2 = 0. Hence, we have the following results.

Theorem 4.8. (). Assume Ny, < Ni, (i.e., B®3 >0) and N3, < N3, (i.e.,
B®, > 0)
(a) If one of Ey, E1, E2, Es, and Es is the only nonnegative equilibrium that
is locally asymptotically stable, then it is globally asymptotically stable.
(b) If E7 is nonnegative and unstable, then bistability appears. It is possible
that E5 and Es, or E1 and Es, or E5 and E3 are stable at the same time.
(¢) If E7 is nonnegative and locally asymptotically stable, then N1, No and
Vi coexist.
(i4). Assume Ny, < N7, (i.e., B®3 <0) and N3 o < N3, (i.e., B®4 <0).
(a) If one of Ey, E1, E2, E4, and Eg is the only nonnegative equilibrium that
is locally asymptotically stable, then it is globally asymptotically stable.
(b) If Eg is nonnegative and unstable, then bistability appears. It is possible
that E4 and Fg, or E1 and Eg, or Ey and E4 are stable at the same time.
(¢) If Eg is nonnegative and locally asymptotically stable, then Ny, No and
Vs coexist.

4.4. Uniform persistence. If E7 and Eg are both nonnegative and unstable with
conditions NN > 0 and NN, > 0, then equilibria Ey-Fg are all unstable. We can
prove that in this case system (1) is uniformly persistent.

Theorem 4.9. Assume that E7 and Eg are both nonnegative and unstable and that
NN > 0 and NNy > 0 are valid. System (1) is uniformly persistent in the sense
that there exists a & > 0 such that

liminf N;(t) > &, liminf V;(¢) > &, i =1,2,

t—o0 t—o0
for any solution (N;(t), Na(t), Vi(¢), Va(t)) of (1) with positive initial condition.
Proof. It is easy to see that a solution (Ni(t), Na(t), Vi(t), Va(t)) of (1) with non-

negative initial value is nonnegative. Since dé\tfl < MV (1 — %) and dé\f <
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79 No (1 — %), we obtain that for a solution with nonnegative initial condition,
Ni(t) < K+ 1 and Na(t) < K + 1 for t > to for some positive to. More-
over, d(ﬁ11N1+521N2+V1) < —w(BuN1 + Ba1Na + Vi) + (Buary + Barra) (K + 1)
and d<ﬂ12Nl+522N2+V2) < —w(BiaN1 + BoaNa + Vo) + (Br2r1 + Pazra) (K + 1) for
t > max{to,tl} This implies that there exists V' > 0 such that V;(t) < V and
Va(t) < V for all t >ty for some to > max{tg,t;}. Therefore, for any initial condi-
tion w® € R, the solution of (1) is eventually bounded in R%. Then (1) admits a
global attractor in R .

Let ®(t,w®) = (N1(t), Na(t), V1 (t), Va(t)) be the solution of model (1) with initial
condition w® = (N?, N9, V, V) € R and

W={weRL:0<N<K+1,0< Ny <K+1,0<VP, Vg <V},
Wo={w’eY:N?>0,Ny>0V>0,V7 >0},
Wl =Y \Wo'={uw’eY :NY=0or N =0or V) =0or Vi =0}.

Then W0 and OW? are positively invariant for model (1). Let w(w®) be the omega
limit set of the orbit ®(¢,w®) (¢ > 0).

Let A; and As be the global attractors in the positive cones of the Ny NoV; space
and the Ny N, Vs space, respectively (see Theorem 3.10).

Claim 1. Uwoeawow(wo) - U?:o{Ei} U?Zl A

Given w® € WY, we have ®(¢t,w’) € OW? for all t > 0. Hence, Ni(t) = 0
or Na(t) = 0 or Vi(t) = 0 or Va(t) = 0, for all ¢ > 0. By Theorems 3.4-3.12,
we know that if Nq(t) = 0, then w(w®) € Ey U Ey U E5 U Eg; if No(t) = 0, then
LU(’LUO) € EyUFE{UE3UEYy; if Vl(t) =0, then W(’LUO) S EoUE1UE2uE4UE6UE8UA2;
if Vi(t) =0, then w(wo) ce By UE L UFE, UE3U E5 U E7 U Aj.
Claim 2. each E; (i = 0,---,8) is a uniform weak repeller for W° in the sense
that there exists p > 0 such that

limsup || @ (¢, w®) — Ey|| > p,Vw® € WO, (17)

t—o0

and each A; (i =1,2) is a uniform weak repeller for W9 in the sense that

limsup ||® (¢, w°) — A;| > p, Vw® € W, (18)
t—o0
where ||x|| = Z:rrlla)<4{:vz} for x = (z1,72,73,24) € R}.

Assume that (17) is not true for Ey. Let € > 0 be sufficiently small such that r; —
w—€(2% +¢11+d12) > 0. Assume that for w® € WO, there exists ty > 0, such that
||®(t, w")|| < €fort > tq. This implies that for t > ¢y, 0 < Ni(t) <€, 0 < Na(t) < e,
0 < Vi(t) <€ 0 < Va(t) < and hence 2 > (ry —w — (25 + ¢11 + ¢12))N; for
t > tg. Therefore, Nq(t) — oo as t — co. A contradiction. Hence, (17) is true for
Ep. Assume that (17) is not true for Ey. For € > 0, there exists w® € WY such
that there exists to > 0, such that ||®(¢,w") — E1|| < € for t > tg, that is, for t > tg,
Nl —e< Nl(t) < Nl +e6 0< Nz(t) <e 0< Vl(t) <e 0< Vg(t) <e Ifry > rg,
the conditions in this theorem gives Ny ; < Ni. Let € > 0 be sufficiently small such
that N, — € > N7 1. Then % > (my +w)(]>7\}* € — 1)V;. Therefore, Vi(t) — oo as

t — oco. A contradiction. If r; < 7y, then N; < Ns. Let € > 0 be sufficiently small
such that Ny — IV, —6(2%4-(2521 +¢22) > 0. Then dé\th > No(ro(1— %) — o€ —
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(,25226 — w) = %NQ(NQ — Nl — 6(2% -+ ¢21 + ¢22)). Therefore, Ng(t) — 00 ast — 0.
A contradiction. Hence, (17) is true for Eq. A similar proof works for Fy. Assume
that (17) is not true for E3. For € > 0, there exists w® € W9, such that there
exists tyg > 0, such that ||®(t,w’) — Es|| < € for t > to. This implies that for ¢ > ¢,
Nj—e < Ni(t) < Nij+e, 0 < Na(t) < ,%—e<%() %Jn,
0< Vé( ) <e If Bbg = ,811¢11(m2 —I—w) ﬁ12¢512(m1 +OJ) < 0, then let € > 0 be
sufficiently small such that Braduz(mitw)—fridn(matw) —B12¢12¢ > 0. We have dVZ >

B11¢11

Va (ﬁ12¢12 (Nl,l _ 6) e _w) (ﬂ12¢12(m1+g1)1¢,61’111¢11(m2+w ﬂ12¢12€)V2 for t > to.

Therefore, Va(t) — oo as t — oo. A contradiction. If @Ry - (N7 ; —mn1) <0, then let

€ > 0 be sufficiently small such that %ﬁl_m) — (2% + @21 + ¢a2)e > 0. Then

N; | +ete r1 (N1 —Nj —®Ry-(Nj,—
dN2>N2(7"2( 11 ) 1(\a 1,1) (N7 771)_

P21 (— g, T€)—ha2e—w) = Na( Kows

(222 + o1 + d22)e). Therefore7 Ny(t) — oo as t — oo. A contradiction. Hence, (17)
is true for E3. Similar arguments work for E4—E6 Assume that (17) is not true
for E7. Let € > 0 be sufficiently small such tha — 1> 0. Assume

that for w® € W0, there exists t; > 0, such that ||<I>(t w®) — E7|| < e for t > t.
This implies that for t > to, N{ —e < Ny(t) < N{ +¢€, N§ —e<N2( ) < N§ +¢,

Ve—e < Vi(t) < Vi+e, 0 < Va(t) < €, and hence 42 > Vg(m2+w)( N2 671)

This implies that Va(t) — oo as t — oo0. A contradlctlon. Hence, (17) is true for
E7. Similarly, we can obtain that (17) is true for Eg. If (1) admits a positive global
attractor A; in the Ny NoVj space, then E; € A; and E7 is locally asymptotically
stable in the N1 NyV; space. Assume that (18) is not true for A;. For € > 0, there
exists w® € WY such that for some to > 0, ||®(t,w") — A;|| < € for t > to. This
implies that for ¢ > tg, ||®(¢,w’) — E7|| < e. By the above arguments, this leads to
Va(t) = oo as t — oo. A contradiction. Hence, (18) is true for A;. Similarly we can
prove that if (1) admits a positive global attractor As in the N3NyVs space, then
(18) is true for Ay. Claim 2 is proved.

Define a continuous function p : W — [0,00) by p(v°) = min{N}{, N9,V V}
for v0 = (NP, N2, V2, VP) € W. It follows that p~1(0,00) € W? and p has the
property that if p(v®) > 0 then p(®(¢,w°)) > 0 for all ¢ > 0. So, p is a generalized
distance function for the solution map of (1).

By the above arguments, we know that any forward orbit of (1) in 9W?° converges
to US_o{ E; }U?_, A;, each of these invariant sets is isolated in W, and W* (E;)NW? =
@ fori=0,---,8 W(A;)NW° =g for i = 1,2, where W*(E;) and W*(A4;) are
the stable set of E; and A;, respectively. All possible connections among F;’s and
Ai’S are Fy — E17 Ey — FEy - E1 — FE3 — Ey (OI‘ Al), FE1 — FEy — Ej (OI‘ Ag),
FEy —» Ey — Ey (OI‘ A1)7 Ey —» Eg — Eg (OI‘ AQ) if r1 > 9, and hence, there is
no cycle in OW? from US_ {E;} U2, {A; } to themselves in this case. Similarly,
there is no cycle in OW?° from US_o{E:} UE | {A;} if ry < ra. By [17 Theorem 3],
it follows that there exists an &€ > 0 such that liminf; . p(®(t,w")) > &, for any
w® € WY, Hence, liminf, ,o N1(t) > &, liminfy oo No(t) > &, liminfy oo V4 (t) >
¢, liminfy o Va(t) > £ for any initial condition w® € W©°. O

5. Discussion. It is generally difficult to fully understand the coexistence or per-
sistence dynamics of a chemostat host-virus system that involves interactions among
multiple hosts and multiple types of viruses, due to the mathematical complexity
following from the complex interactions between hosts and viruses. In most of
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the existing studies, coexistence results such as a globally stable positive equilib-
rium are usually obtained when the virus-host relations are restricted to specific
structures such as nested virus-bacteria cross-infection networks or monogamous
infection networks; see e.g., [9, 19, 7, 11, 10, 12, 21].

In this paper, we attempt to study the dynamics of a two host-two virus chemo-
stat system (1) with a general structure in the sense that both viruses can infect
both hosts and both sets of hosts and viruses have distinct life history traits. To
fulfill this duty, we first establish the global dynamics of its submodels, a one host-
one virus model (2), a two host model (3), and a two host-one virus model (4).
Using these results and the theory of uniform persistence, we then develop suffi-
cient conditions for the coexistence of two hosts with two viruses and coexistence of
two hosts with one virus. We also derive conditions for a Hopf bifurcation, which
consists with the existing finding in [6, 21] that a positive limit cycle may appear
for the two host-two virus model.

An interesting phenomenon that we find from the analyses is the possibility of
bistability of equilibria. In cases (n), (p) and (q) of Table 2, we see that when
the positive equilibrium is unstable, two boundary equilibria of (4) may be stable
at the same time, which leads to a result that each host may persist by itself or
coexist with the virus in a two host-one virus chemostat system. This also results
in possibility of bistability for the two host-two virus model (1). As we have verified
the occurrence of a Hopf bifurcation, this implies that if the positive equilibrium is
unstable, although coexistence cannot happen in the two host-one virus system, it
might happen in the two host-two virus system.

While we are able to establish uniform persistence or coexistence for the two
host-one virus model (4) and for the two host-two virus model (1), it seems difficult
to fully obtain the global specific dynamics in these cases. For the two host-one
virus model (4), the global dynamics has been well understood except in the case
where the positive equilibrium E¥™" is locally stable and is actually the only stable
nonnegative equilibrium. In a special case when 1181 = 1982, we could use a
Lyapunov function to prove the global stability of EZ™, but it is hard to extend
the result to all cases when EI'™ is locally stable, that is, in cases of

(O)(a) 1< 2 < 525 < & 7y < SRS <mm < SE
O)b) & <=2 < <L 5y < SRS <me < R
0 1< B <R <& mm < e e < s < e
() & < RS < B <L gy < PR S <Nt <ma

listed in Table 2 but rewritten in terms of parameters in model (4) (with 71,79 >

w). We suspect that EP™ is globally asymptotically stable whenever it is locally
asymptotically stable, but it remains to be a future problem to prove it. On the
other hand, few results about global dynamics of the two host-two virus model (1)
have been achieved in this paper. We were only able to obtain some results for
global stability of equilibria in which at least one host and one virus disappear;
see Theorems 4.4 and 4.8. We have had no result about the global stability of the
positive equilibrium FEy or the equilibria where only one virus disappears, i.e., E7
and Fg. We will leave all these for future work.
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